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We introduce the notion of pallets of quandles and deﬁne coloring invariants for spatial
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1. Introduction
For an embedding of a graph to the 3-dimensional Euclidean space R3, the image is called a spatial graph. Two spatial
graphs are equivalent if we can deform by ambient isotopy one onto the other. A diagram of a spatial graph G is an image
of G by a regular projection onto a plane with a crossing information at each double point. It is known that two spatial
graph diagrams represent an equivalent spatial graph if and only if they are related by a ﬁnite sequence of the R1-5 moves
depicted in Fig. 1. Each edge of a spatial graph is separated into some pieces in a diagram. We call each piece an arc of
the diagram.
Fox colorings were introduced in [4] for a special class of spatial graphs. (For Fox colorings of classical links, refer to
[1–3].) For an integer p  3, we consider an assignment of an element of Zp to each arc of a spatial graph diagram. It is
called a Fox p-coloring if a coloring condition for crossings and vertices is satisﬁed. Then the coloring condition for crossings
is given as follows: It holds that a + c = 2b in Zp near each crossing, where the lower arcs are colored by a and c and
the upper arc is colored by b. However, there are several methods to give a coloring condition for vertices. For example,
Ishii and Yasuhara [4] considered two coloring conditions for vertices and mentioned some properties of Fox colorings with
the coloring conditions.
Every pallet of a quandle gives a coloring condition for vertices of spatial graph diagrams when we consider a quandle
coloring for the diagram. And when we use a dihedral quandle of order p (p  3), the quandle colorings with a pallet are
the same as the Fox p-colorings given a coloring condition for vertices. On the other hand, every coloring condition for
vertices is translated to a pallet of a dihedral quandle when it leads to a coloring invariant for spatial graphs.
In this paper, we consider about the following question: For dihedral quandles, what pallets can we take? It means for Fox
colorings, we consider all possibility to give a coloring condition for vertices.
The paper is organized as follows: In Section 2, we introduce pallets of quandles and deﬁne coloring invariants for spatial
graphs by using pallets. In Section 3, we give a simpliﬁed deﬁnition of pallets of dihedral quandles. Section 4 is devoted to
the main result of this paper, that is, about pallets of dihedral quandles and in Section 5, we give the proof.
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2. Pallets of quandles and coloring invariants
A quandle [5,6] is a set X equipped with a binary operation (a,b) → ab on X satisfying the following conditions: (i) For
any a ∈ X , the formula aa = a holds, (ii) for any a ∈ X , the map Sa : X → X deﬁned by Sa(x) = xa is a bijection, and (iii) for
any a,b, c ∈ X , the formula (ab)c = (ac)(bc) holds. We omit round brackets throughout this paper and we call the bijection
Sa (a ∈ X) deﬁned in (ii) the symmetry by a. A dihedral quandle of order p (p  3) is the set Zp = {0,1, . . . , p − 1} equipped
with the quandle operation ab = 2b − a. We denote it by Rp . We see that all symmetries of Rp are involutions of Rp . We
say a quandle such that all symmetries are involutions an involutory quandle.
We mean by Z+ the set of the positive integers throughout this paper.
Deﬁnition 2.1. Let X be a quandle. For any element a in X , we denote simply by a+1 the pair (a, Sa) of a and the symmetry
Sa by a, and by a−1 the pair (a, S−1a ) of a and the inverse map of Sa . Let
X = {a+1 ∣∣ a ∈ X}∪ {a−1 ∣∣ a ∈ X}.
A pallet P of X is a subset of
⋃
n∈Z+ X n satisfying the following conditions:
(i) for any (a11 , . . . ,a
n
n ) ∈ P and any x ∈ X , it holds that
Snan ◦ · · · ◦ S1a1 (x) = x,
(ii) for any (a11 , . . . ,a
n
n ) ∈ P and any x ∈ X , it holds that(
Sx(a1)
1 , . . . , Sx(an)
n
) ∈ P and (S−1x (a1)1 , . . . , S−1x (an)n) ∈ P ,
(iii) for any (a11 , . . . ,a
n
n ) ∈ P , it holds that(
a22 , . . . ,a
n
n ,a
1
1
) ∈ P , and
(iv) for any (a11 , . . . ,a
n
n ) ∈ P , it holds that(
a22 , S
2
a2 (a1)
1 ,a33 , . . . ,a
n
n
) ∈ P and (S−1a1 (a2)2 ,a11 ,a33 , . . . ,ann ) ∈ P .
Example 2.2. For any n ∈ Z+ , let
Un =
{(
a11 , . . . ,a
n
n
) ∈X n ∣∣ for any x ∈ X, Snan ◦ · · · ◦ S1a1 (x) = x}.
This set is a pallet of X . Let
U =
⋃
n∈Z+
Un.
This is also a pallet of X and we call it the universal pallet of X .
Assume that X is an involutory quandle. Since it holds that a+1 = a−1 for any a ∈ X , we may omit the superscripts +1
or −1 of the elements of X . For any n ∈ Z+ , let
Cn =
{
(a1, . . . ,an) ∈X n
∣∣ for any x ∈ X, xa1···an = x and a1 = · · · = an}.
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This is a pallet of X . Let
C =
⋃
n∈Z+
Cn.
This is also a pallet of X and we call it the classical pallet of X .
Each pallet gives a coloring invariant for spatial graphs:
Let G be an oriented spatial graph embedded in R3 and D a diagram of G . Let P be a pallet of a quandle X .
An X-coloring of D associated with P is an assignment of an element of X to each arc of D satisfying the following
conditions:
• Around a crossing c, let eo be the over arc, er the under arc which is on the right side of eo along the orientation of eo ,
and el the other under arc. Suppose that the arcs eo , er and el are colored by a1, a2 and a3, respectively. Then it holds
that aa12 = a3 (Fig. 2).• For an n-valent vertex v , let e1, . . . , en be the arcs which are situated clockwise around v . Let a1, . . . ,an be the elements
of X assigned to the arcs e1, . . . , en , respectively. Then it holds that (a
1
1 , . . . ,a
n
n ) ∈ P , where for each i ∈ {1, . . . ,n}, i is
+1 if the arc ei is directed in toward v , and it is −1 if the arc is directed out (Fig. 2).
Let ColX,P (D) be the set of X-colorings of D associated with P . We have the following proposition:
Proposition 2.3. Let D and D ′ be diagrams which represent the same spatial graph. Then there is a bijection between ColX,P (D) and
ColX,P (D ′).
Proof. Suppose that D and D ′ are diagrams related by a single move among R1-5 moves shown in Fig. 1. Let E be a 2-disk
in R2 in which the single move is applied. For each X-coloring of D associated with P , its restriction to D \ E(= D ′ \ E) can
be uniquely extended to an X-coloring of D ′ associated with P . Thus there is a bijection between the sets ColX,P (D) and
ColX,P (D ′). 
By Proposition 2.3, we see that the number of the elements of ColX,P (D) is an invariant for spatial graphs. Therefore we
also denote the invariant by ColX,P (G).
Remark 2.4. When X is an involutory quandle, for any pallet P of X , the coloring invariant by X and P does not depend
on orientations of spatial graphs. Therefore we can deﬁne a coloring invariant for un-oriented spatial graphs.
Example 2.5. Let G and G ′ be the spatial graphs shown in Fig. 3. Let D and D ′ be diagrams of G and G ′ , respectively.
We consider R3-colorings of D and D ′ with some pallets. Since the dihedral quandle R3 is the involutory quandle, it
holds that a+1 = a−1 for any a ∈ R3. Hence we omit the superscripts +1 or −1 of the elements of X = {0+1(= 0−1),
1+1(= 1−1), 2+1(= 2−1)}.
Let P be the classical pallet of R3. Then we cannot distinguish the spatial graphs G and G ′ with the above coloring
invariant because it holds that ColR3,P (G) = ColR3,P (G ′).
Replace the pallet P as follows: Let
P4 =
{
(0,0,1,1), (0,0,2,2), (0,1,0,2), (0,1,1,0), (0,1,2,1), (0,2,0,1), (0,2,1,2), (0,2,2,0),
(1,0,0,1), (1,0,1,2), (1,0,2,0), (1,1,0,0), (1,1,2,2), (1,2,0,2), (1,2,1,0), (1,2,2,1),
(2,0,0,2), (2,0,1,0), (2,0,2,1), (2,1,0,1), (2,1,1,2), (2,1,2,0), (2,2,0,0), (2,2,1,1)
}
and
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Fig. 4. Coloring conditions.
P6 =
{
(a1, . . . ,a6) ∈ R63
∣∣ a1 = · · · = a6},
and let P = P4 ∪ P6. Then ColR3,P (G) = 0 and ColR3,P (G ′) = 6, see Fig. 3. Hence the spatial graphs G and G ′ are not
equivalent.
We can also distinguish the spatial graphs G and G ′ with the universal pallet of R3. But the calculation is complicated
compared with that using the above pallet. Thus, choosing a pallet makes the calculation simple.
Remark 2.6. Ishii and Yasuhara [4] studied Fox colorings for spatial graphs such that the valency of each vertex is even.
The coloring conditions are given as a1 = · · · = an for an n-valent vertex whose arcs are colored as shown in Fig. 4. The
Fox colorings are the same as the dihedral quandle colorings with the classical pallets. And they also studied Fox colorings
for spatial graphs such that the coloring conditions are given as
∑n
i=1(−1)iai = 0 for an n-valent vertex whose arcs are
colored as shown in Fig. 4. The Fox colorings are also given by using pallets, that is, we use the following pallet of Rp for
Rp-colorings:
P =
{
(a1, . . . ,an) ∈ Rnp
∣∣∣ n ∈ 2Z+, n∑
i=1
(−1)iai = 0
}
.
3. Pallets of dihedral quandles
We can simplify the deﬁnition of a pallet of a dihedral quandle as follows: Let p be an integer greater than or equal
to 3. For any n ∈ Z+ , let
Un,p =
{
(a1, . . . ,an) ∈ Rnp
∣∣ for any x ∈ Rp, xa1···an = x}
and let Up =⋃n∈Z+ Un,p . We deﬁne an equivalence relation on Up : Two elements a and b in Up are equivalent (a ∼ b) if
(i) the length of a is the same as that of b, where the length of an element a ∈ Up means the number of the components
of a, and (ii) there exist ﬁnitely many maps φ1, . . . , φk : Rnp → Rnp such that
• n is the length of a and b,
• φk ◦ · · · ◦ φ1[a] = b,
• each map φi (1 i  k) is one of the maps fx : Rnp → Rnp (x ∈ Rp), τ : Rnp → Rnp and σ : Rnp → Rnp deﬁned by
fx
[
(a1, . . . ,an)
]= (ax1, . . . ,axn),
τ
[
(a1, . . . ,an)
]= (a2, . . . ,an,a1)
and
σ
[
(a1, . . . ,an)
]= (a2,aa21 ,a3, . . . ,an).
Note that f −1x = fx (x ∈ Rp), τ−1 = τn−1 and σ−1 = σ p−1 hold.
A pallet P of Rp is a subset of Up such that the equivalence class of any element of P is a subset of P .
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Let p be an integer greater than or equal to 3. By deﬁnition, we see that every subset of Up/ ∼ gives a pallet of Rp
by taking the union of the elements, and conversely every pallet of Rp gives a subset of Up/ ∼ by taking the set of the
equivalence classes of the elements. Thus we have the one-to-one correspondence between the set of the pallets of Rp and
that of the subsets of Up/ ∼. And we also see that the equivalence relation on Up is also deﬁned on Un,p for each n ∈ Z+
and it holds that Up/ ∼ =⋃n∈Z+ Un,p/ ∼. Therefore studying about the set Un,p/ ∼ is important to know all pallets for
dihedral quandles.
For any integers n > 0 and p  3, deﬁne ϕn,p : Rnp → {1, . . . , p} by
ϕn,p
[
(a1, . . . ,an)
]= max{k ∈ {1, . . . , p} ∣∣ k|p, a1 ≡ · · · ≡ an (mod k)}.
When p is an even number, deﬁne κn,p : Rnp → Zp by
κn,p
[
(a1, . . . ,an)
]= n∑
i=1
(−1)iai,
and deﬁne μn,p : Rnp → Z by
μn,p
[
(a1, . . . ,an)
]= E[(a1, . . . ,an)]− O [(a1, . . . ,an)],
where
E
[
(a1, . . . ,an)
]= {i ∈ {1, . . . ,n} ∣∣ ai ≡ 0 (mod 2)}
and
O
[
(a1, . . . ,an)
]= {i ∈ {1, . . . ,n} ∣∣ ai ≡ 1 (mod 2)}.
Let k ∈ {1, . . . , p} be an even divisor of p and let
Sk =
{
a ∈ Rnp
∣∣ ϕn,p[a] = k}.
We deﬁne n,p,k : Sk → {0,1} by
n,p,k
[
(a1, . . . ,an)
]= {0 if a1 ≡ · · · ≡ an ≡ 0 (mod 2),
1 if a1 ≡ · · · ≡ an ≡ 1 (mod 2).
Let k ∈ {1, . . . , p} be an even divisor of p such that p/k is an even number. We deﬁne μn,p,k : Sk → Z by
μn,p,k
[
(a1, . . . ,an)
]= ∣∣∣∣μn, pk
[(
0,
a2 − a1
k
, . . . ,
an − a1
k
)]∣∣∣∣.
We have the following theorem:
Theorem 4.1. Let n and p be integers such that n > 0 and p  3.
(i) When n is an odd number, Un,p/ ∼ is the empty set.
(ii) (1) When n = 2 and p is an odd number, we have
U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp}}.
(2) When n = 2 and p is an even number such that p/2 is an odd number, we have
U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{
(a,a)
∣∣ a ∈ Rp such that a ≡ 1 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp}}.
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U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{
(a,a)
∣∣ a ∈ Rp such that a ≡ 1 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp such that a ≡ 1 (mod 2)}}.
(iii) (1) When n is an even number other than 2 and p is an odd number, we have
Un,p/ ∼ =
{
ηk
∣∣ k ∈ {1, . . . , p} such that k|p},
where ηk = {a ∈ Un,p | ϕn,p[a] = k}.
(2) When n is an even number other than 2 and p is an even number, we have
Un,p/ ∼ =
{
αk,κ,μ
∣∣∣∣∣ k ∈ {1, . . . , p} such that k|p and k is odd; κ ∈ {0,
p
2 };
−n < μ < n such that μ is even and n−|μ|2 ≡ κ (mod 2)
}
∪ {βk, ∣∣ k ∈ {1, . . . , p} such that k|p, k is even and pk is odd;  ∈ {0,1}}
∪
{
γk,κ,μ,
∣∣∣∣∣ k ∈ {1, . . . , p} such that k|p, k and
p
k are even; κ ∈ {0, p2 };
0μ < n such that μ is even and n−μ2 ≡ κk (mod 2); ∈ {0,1}
}
,
where
αk,κ,μ =
{
a ∈ Un,p
∣∣ ϕn,p[a] = k, κn,p[a] = κ, μn,p[a] = μ},
βk, =
{
a ∈ Un,p
∣∣ ϕn,p[a] = k, n,p,k[a] = },
and
γk,κ,μ, =
{
a ∈ Un,p
∣∣ ϕn,p[a] = k, κn,p[a] = κ, μn,p,k[a] = μ, n,p,k[a] = }.
Remark 4.2. Any subset of Un,p/ ∼ gives a pallet of Rp by taking the union of the elements, and conversely, any pallet
of Rp each of whose elements is of length n gives a subset of Un,p/ ∼ by taking the set of the equivalence classes of the
elements. Thus we have the one-to-one correspondence between the set of the pallets of Rp each of whose elements is of
length n and that of the subsets of Un,p . It means that for Rp-colorings (or Fox p-colorings) of spatial graph diagrams, we
obtain all possible coloring conditions for n-valent vertices from the set Un,p/ ∼. For example, let us consider the case that
n is an even number other than 2 and p is an odd prime number. By Theorem 4.1, we have exactly two equivalence classes
in Un,p/ ∼: One is the set
Cn,p =
{
(a1, . . . ,an) ∈ Rnp
∣∣ a1 = · · · = an},
and the other is the set Un,p \ Cn,p . Hence, we have exactly three pallets which are nonempty subsets of Un,p , that is, Un,p ,
Cn,p and Un,p \ Cn,p . It means that for Rp-colorings (or Fox p-colorings) of spatial graph diagrams, there are exactly three
methods to give a coloring condition for n-valent vertices.
5. Proof of the main theorem
In this section, we use a representative in Z to represent an element of a dihedral quandle Rp = Zp = {0, . . . , p − 1}.
Lemma 5.1. Let n and p be integers such that n > 0 and p  3. Let a and b be two equivalent elements of Un,p . Then it holds that
ϕn,p[a] = ϕn,p[b].
When p is an even number, it holds that
κn,p[a] = κn,p[b] and μn,p[a] = μn,p[b].
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n,p,k[a] = n,p,k[b].
When p is an even number and k = ϕn,p[a](= ϕn,p[b]) is an even divisor of p such that p/k is an even number, it holds that
μn,p,k[a] = μn,p,k[b].
Proof. This can be proved directly. 
Let us consider the case that n is odd:
Lemma 5.2. Let n be an odd, positive integer. For any integer p  3, Un,p is the empty set.
Proof. Let us assume that Un,p is a nonempty set for some p  3 and let a = (a1, . . . ,an) be an element of Un,p . By
deﬁnition, for any x ∈ Rp , it holds that
2(a1 − a2 + · · · − an−1 + an) − x = xa1···an = x.
Hence for any x ∈ Rp , it holds that 2(a1 − a2 + · · · − an−1 + an) = 2x. Since the alternating sum of a is not a variable and
since p  3, it leads to a contradiction. 
For any integers n > 0 and p  3, deﬁne an equivalence relation on Rnp so that the restriction on Un,p gives the equiv-
alence relation on Un,p deﬁned in Section 3: We say that a and b in Rnp are equivalent if there exist ﬁnitely many maps
φ1, . . . , φk : Rnp → Rnp such that
• φk ◦ · · · ◦ φ1[a] = b,
• each map φi (1 i  k) is one of the maps fx (x ∈ Rp), τ and σ deﬁned in Section 3.
Lemma 5.3. Let n and p be integers such that n > 0 and p  3. For any element a = (a1, . . . ,an) ∈ Rnp , the following hold:
(Op1) For any i ∈ {1, . . . ,n − 1}, it holds that
a ∼ (a1, . . . ,ai−1,ai+1,2ai+1 − ai,ai+2, . . . ,an)
and
a ∼ (a1, . . . ,ai−1,2ai − ai+1,ai,ai+2, . . . ,an).
(Op2) It holds that a ∼ (a1 + 2, . . . ,an + 2).
(Op3) When p is an odd number, it holds that a ∼ (a1 + 1, . . . ,an + 1).
(Op4) For any i ∈ {1, . . . ,n − 1} and any s ∈ Z, it holds that
a ∼ (a1, . . . ,ai−1,ai + sϕn,p[(ai,ai+1)],ai+1 + sϕn,p[(ai,ai+1)],ai+2, . . . ,an).
Especially, when ϕn,p[(ai,ai+1)] = 1, it holds that for any element t ∈ Rp,
a ∼ (a1, . . . ,ai−1, t, t + ai+1 − ai,ai+2, . . . ,an).
(Op5) When
a = (a1, . . . ,ai−3,0,1,b, . . . ,b︸ ︷︷ ︸
j
,ai+ j, . . . ,an)
holds for some b ∈ Rp , i ∈ {3, . . . ,n}, and some positive, even number j less than n − i + 2, we have
a ∼ (a1, . . . ,ai−3,0,1,b + 2, . . . ,b + 2︸ ︷︷ ︸
j
,ai+ j, . . . ,an).
Proof. For (Op1), take τn−i+1 ◦σ ◦ τ i−1[a] or τn−i+1 ◦σ p−1 ◦ τ i−1[a]. For (Op2), take f1 ◦ f0[a]. For (Op3), take f p+1
2
◦ f0[a].
Let us consider about (Op4). Let k denote ϕn,p[(ai,ai+1)] and for any s ∈ Z, let as denote(
a1, . . . ,ai−1,ai + s(ai+1 − ai),ai+1 + s(ai+1 − ai),ai+2, . . . ,an
)
.
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s′ ∈ Z such that s ≡ s′ (mod p/k), as ∼ as′ holds. Consider the set
A =
{
s(ai+1 − ai) ∈ Rp
∣∣∣ s ∈ {0, . . . , p
k
− 1
}}
.
It holds that A includes 0, any element of A is identiﬁed to 0 modulo k, and the number of the elements of A is p/k. Such
a subset of Rp is uniquely obtained, that is,
A =
{
s · k
∣∣∣ s ∈ {0, . . . , p
k
− 1
}}
.
Moreover, we see that
A = {s · k | s ∈ Z}.
Therefore we have
{as | s ∈ Z} =
{
as
∣∣∣ s ∈ {0, . . . , p
k
− 1
}}
=
{
(a1, . . . ,ai−1,ai + sk,ai+1 + sk,ai+2, . . . ,an)
∣∣∣ s ∈ {0, . . . , p
k
− 1
}}
= {(a1, . . . ,ai−1,ai + sk,ai+1 + sk,ai+2, . . . ,an) ∣∣ s ∈ Z}.
It means that for any s ∈ Z, it holds that
a ∼ (a1, . . . ,ai−1,ai + sk,ai+1 + sk,ai+2, . . . ,an).
For (Op5), by repeating (Op1), we have
a = (a1, . . . ,ai−3,0,1,b, . . . ,b︸ ︷︷ ︸
j
,ai+ j, . . . ,an)
(Op1)∼ (a1, . . . ,ai−3,b, . . . ,b︸ ︷︷ ︸
j
,0,1,ai+ j, . . . ,an)
(Op1)∼ (a1, . . . ,ai−3,0,1, S1(S0(b)), . . . , S1(S0(b))︸ ︷︷ ︸
j
,ai+ j, . . . ,an
)
= (a1, . . . ,ai−3,0,1,b + 2, . . . ,b + 2︸ ︷︷ ︸
j
,ai+ j, . . . ,an). 
In this section, we use the above operations (Op1)–(Op5).
Let us consider the case that n = 2.
Lemma 5.4. Let n = 2 and p an integer greater than or equal to 3.
(i) When p is an odd number, we have
U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp}}.
(ii) When p is an even number such that p/2 is an odd number, we have
U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{
(a,a)
∣∣ a ∈ Rp such that a ≡ 1 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp}}.
1100 K. Oshiro / Topology and its Applications 159 (2012) 1092–1105(iii) When p is an even number such that p/2 is an even number, we have
U2,p/ ∼ =
{{
(a,a)
∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{
(a,a)
∣∣ a ∈ Rp such that a ≡ 1 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp such that a ≡ 0 (mod 2)},{(
a,a + p
2
) ∣∣∣ a ∈ Rp such that a ≡ 1 (mod 2)}}.
Proof. By deﬁnition, it holds that for any (a1,a2) ∈ U2,p and x ∈ Rp , 2(a2 −a1)+ x = x. It means that for any (a1,a2) ∈ U2,p ,
it holds that 2a1 = 2a2. Hence we have
U2,p =
{ {(a,a) | a ∈ Rp} if p is odd,
{(a,a) | a ∈ Rp} ∪ {(a,a + p2 ) | a ∈ Rp} if p is even.
In the case (i), by the operation (Op3), we see that each element (a,a) ∈ U2,p is equivalent to (0,0) ∈ U2,p . In the case (ii),
we see that for any a ∈ Rp ,
(a,a)
(Op2)∼
{
(0,0) if 2,p,p[(a,a)] = 0,
(1,1) if 2,p,p[(a,a)] = 1,
and (
a,a + p
2
)
(Op1), (Op2)∼
(
0,
p
2
)
.
Each equivalence class is distinguished from the others by using the maps ϕ2,p and 2,p,p . In the case (iii), we can prove it
by similar arguments. 
Theorem 5.5 (Dirichlet’s theorem). For any two positive co-prime integers a and d, there are inﬁnitely many primes of the form a+ id,
where i  0.
Lemma 5.6. Let n be an even number other than 2, p an integer greater than or equal to 3 and k ∈ {1, . . . , p} be a divisor of p. For any
a = (a1, . . . ,an) ∈ Rnp such that ϕn,p[a] = k, there exists an element (b1,b2, . . . ,bn) ∈ Rnp such that
a ∼ (b1,b2, . . . ,bn) and ϕ2,p
[
(b1,b2)
]= k.
Proof. (1) Let us consider the case that k = 1.
(Step 1) Let
l = min{ϕ2,p[(ai,a j)] ∣∣ i, j ∈ {1, . . . ,n} such that i < j},
and let i, j ∈ {1, . . . ,n} satisfy that i < j and ϕ2,p[(ai,a j)] = l. By the operation (Op1), it holds that a is equivalent to the
n-tuple(
ai,a j,2(a j − ai) + a1, . . . ,2(a j − ai) + ai−1,2a j − ai+1, . . . ,2a j − a j−1,a j+1, . . . ,an
)
.
Replace a to the resultant n-tuple and repeat this procedure until the resultant n-tuple a = (a1, . . . ,an) satisﬁes that
ϕ2,p
[
(a1,a2)
]= min{ϕ2,p[(ai,a j)] ∣∣ i, j ∈ {1, . . . ,n} such that i < j}.
(Step 2) Assume that a satisﬁes that
ϕ2,p
[
(a1,a2)
]= min{ϕ2,p[(ai,a j)] ∣∣ i, j ∈ {1, . . . ,n} such that i < j},
ϕ2,p[(a1,a2)] 
= 1 and a1, . . . ,an ∈ {0,1, . . . , p − 1}. Let l denote ϕ2,p[(a1,a2)].
Since ϕn,p[a] = 1, there exists an element i ∈ {3, . . . ,n} such that ϕ2,p[(a2,ai)] cannot be divided by l, and by repeating
the operation (Op1), we see that a is equivalent to (a1,a2,ai,2ai − a3, . . . ,2ai − ai−1,ai+1, . . . ,an). And we also see that
by repeating the operation (Op2) or (Op3), a is equivalent to (0,a2 − a1, . . . ,an − a1) if p is odd or both of p and a1 are
even, and it is equivalent to (1,a2 − a1 + 1, . . . ,an − a1 + 1) otherwise. Replace a to the resultant n-tuple. Then it holds that
ϕ2,p[(a1,a2)] = l, l  ϕ2,p[(a2,a3)] and a1 = 0 or 1.
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that
a =
(
0,m
l
m
s,m
(
l
m
s + l
′
m
s′
)
,a4, . . . ,an
)
for some s, s′ ∈ Z. We can see that (l/m)s and l′/m are co-prime because if we assume that (l/m)s and l′/m are not co-
prime, then we get a contradiction in terms that m is the greatest common divisor of l and l′ . By Dirichlet’s Theorem 5.5
and the operation (Op4), there exists an integer t such that a is equivalent to(
0,m
(
l
m
s + t l
′
m
)
,m
(
l
m
s + l
′
m
s′ + t l
′
m
)
,a4, . . . ,an
)
and (l/m)s + t(l′/m) is a prime number greater than p. Then ϕ2,p[(0, lm s + t l
′
m )] = 1 holds. Hence ϕ2,p[(0,m lm s + t l
′
m )] =m
holds. Therefore for the resultant n-tuple a, it holds that
min
{
ϕ2,p
[
(ai,a j)
] ∣∣ i, j ∈ {1, . . . ,n} such that i < j}m < l.
Since p is a ﬁnite number, by repeating the above procedures, we can obtain an n-tuple b = (b1, . . . ,bn) such that a ∼ b
and ϕ2,p[(b1,b2)] = 1. In the case that a1 = 1, we can prove it by similar arguments.
(2) Let us consider the case that k 
= 1.
When p/k  3, it is reduces to the case (1) by considering the case of the dihedral quandle of order p/k and a ∈ Rnp
k
such that ϕn, pk
[a] = 1: For example, when p is odd, by the operation (Op3), we have
a ∼ (0,a2 − a1, . . . ,an − a1).
Then ϕn, pk
[(0, a2−a1k , . . . , an−a1k )] = 1 holds. From the case (1) for (0, a2−a1k , . . . , an−a1k ) ∈ Rnp
k
, we obtain an n-tuple b =
(b1,b2, . . . ,bn) ∈ Rnp
k
such that a ∼ b and ϕ2, pk [(b1,b2)] = 1. Then the n-tuple b
′ = (kb1,kb2, . . . ,kbn) ∈ Rnp satisﬁes that
a ∼ b′ and ϕ2,p[(kb1,kb2)] = k.
When p/k = 2, since there is at lease one component ai of a such that ai = a1+ p/2, we can obtain an equivalent n-tuple
(a1,a1 + p/2,b3, . . . ,bn) ∈ Rnp by repeating the operation (Op1). Then we have ϕ2,p[(a1,a1 + p/2)] = p/2 = k. When k = p,
we already have ϕ2,p[(a1,a2)] = k. 
Lemma 5.7. Let n be an even number other than 2, p an odd number greater than or equal to 3 and k ∈ {1, . . . , p} a divisor of p. For
any a = (a1, . . . ,an) ∈ Rnp such that ϕn,p[a] = k, it holds that
a ∼
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn − 22
)
.
Proof. We prove it by induction on n ∈ 2Z+ .
(1) Let us consider the case that n = 4 and k = 1. By Lemma 5.6, we may assume that ϕ2,p[(a1,a2)] = 1. Then we have
a
(Op4)∼ (a1 − a2 + a3 + 1,a3 + 1,a3,a4)
(Op4)∼ (a1 − a2 + a3 + 1,a1 − a2 + a3 + 2,a1 − a2 + a3 + 1,a4)
(Op3)∼ (0,1,0,−a1 + a2 − a3 + a4 − 1).
(2) Let us consider the case that n = 4 and k 
= 1. When k ∈ {2, . . . , p − 1}, it is reduced to the case (1) by considering
the case of the dihedral quandle of order p/k and a ∈ R4p
k
such that ϕ4, pk
[a] = 1. Then we have
a ∼
(
0,k,0,
4∑
i=1
(−1)iai − k
)
.
When k = p, we have that
a = (a1,a1,a1,a1) (Op3)∼ (0,0,0,0) = (0,k,0,−a1 + a1 − a1 + a1 − k).
(3) Let us consider the case that n 6 and k = 1. Assume that the statement is satisﬁed for any even number less than n.
By Lemma 5.6, we may assume that ϕ2,p[(a1,a2)] = 1. Hence, it holds that ϕn−2,p[(a1, . . . ,an−2)] = 1. By the assumption,
we have
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(
0,1,0, . . . ,0,1,0,
n−2∑
i=1
(−1)iai − n − 42 ,an−1 + a,an + a
)
for some a ∈ Z. Note that since we used the operation (Op3) several times in the above deformation, some integer a ∈ Z
was added to the last two components. Let
l = ϕ4,p
[(
0,
n−2∑
i=1
(−1)iai − n − 22 + 1,an−1 + a,an + a
)]
.
We have(
0,1,0, . . . ,0,1,0,
n−2∑
i=1
(−1)iai − n − 22 + 1,an−1 + a,an + a
)
(n=4)∼
(
b,b + 1,b,b + 1, . . . ,b,b + 1,0, l,0,
n∑
i=1
(−1)iai − n − 42 − l
)
(Op4)∼
(
0,1,0, . . . ,0,1,0, l,0,
n∑
i=1
(−1)iai − n − 42 − l
)
(Op1)∼
(
0,1,0, . . . ,0,2,1, l,0,
n∑
i=1
(−1)iai − n − 42 − l
)
(1), (Op4)∼
(
0,1,0, . . . ,0,2,0,1,0,
n∑
i=1
(−1)iai − n2
)
(Op1)∼
(
0,1,0, . . . ,0,2,1,2,0,
n∑
i=1
(−1)iai − n2
)
(Op1)∼
(
0,1,0, . . . ,0,1,0,2,0,
n∑
i=1
(−1)iai − n2
)
(1), (Op4)∼
(
0,1,0, . . . ,0,1,0,1,0,
n∑
i=1
(−1)iai − n − 22
)
,
where in the ﬁrst deformation, since we used the operation (Op3), some b ∈ Z was added to the components other than
the last four components. Here we used the cases (1) or (2) for the ﬁrst deformations indicated by (n = 4).
(4) Let us consider the case that n  6 and k 
= 1. When k 
= p, it is reduced to the case (3) by considering the case of
the dihedral quandle of order p/k and a ∈ Rnp
k
such that ϕn, pk
[a] = 1. When k = p, we have
a = (a1, . . . ,an) (Op3)∼ (0, . . . ,0) =
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn − 22
)
. 
Lemma 5.8. Let n and p be even numbers other than 2 and k ∈ {1, . . . , p} a divisor of p. For any a = (a1, . . . ,an) ∈ Rnp such that
ϕn,p[a] = k, the following hold:
(i) when k is odd and −n < μn,p[a] 0, it holds that
a ∼
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn + μn,p[a] − 22 ,k, . . . ,k︸ ︷︷ ︸
−μn,p[a]
)
,
(ii) when k is odd and 0 < μn,p[a] < n, it holds that
a ∼
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn − μn,p[a] − 22 ,0, . . . ,0︸ ︷︷ ︸
μn,p[a]
)
,
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a ∼
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn − 22
)
,
(iv) when k is even, p/k is odd, and n,p,k[a] = 1, it holds that
a ∼
(
1,k + 1,1,k + 1, . . . ,1,
n∑
i=1
(−1)iai − kn − 22 + 1
)
,
(v) when k is even, p/k is even, and n,p,k[a] = 0, it holds that
a ∼
(
0,k,0,k, . . . ,0,
n∑
i=1
(−1)iai − kn − μn,p,k[a] − 22 ,0, . . . ,0︸ ︷︷ ︸
μn,p,k[a]
)
, and
(vi) when k is even, p/k is even, and n,p,k[a] = 1, it holds that
a ∼
(
1,k + 1,1,k + 1, . . . ,1,
n∑
i=1
(−1)iai − kn − μn,p,k[a] − 22 + 1,1, . . . ,1︸ ︷︷ ︸
μn,p,k[a]
)
.
Proof. We prove it by induction on n ∈ 2Z+ .
(1) Let us consider the case that n = 4 and k = 1. By Lemma 5.6, we may assume that ϕ2,p[(a1,a2)] = 1. When μn,p[a] =
−2, we see that a3 and a4 are odd and we have
a
(Op4)∼ (a1 − a2 + a3 + 1,a3 + 1,a3,a4)
(Op4)∼ (a1 − a2 + a3 + 1,a1 − a2 + a3 + 1,a1 − a2 + a3,a4)
(Op2)∼ (1,1,0,−a1 + a2 − a3 + a4)
(Op1)∼ (0,−a1 + a2 − a3 + a4,1,1).
Similarly, we can prove that
a ∼
{
(0,1,0,−a1 + a2 − a3 + a4 − 1) if μ4,p[a] = 0,
(0,−a1 + a2 − a3 + a4,0,0) if μ4,p[a] = 2.
(2) Let us consider the case that n = 4 and k 
= 1. When k is an odd number such that p/k 
= 2, it is reduced to the
case (1) by considering the case that the dihedral quandle of even order p/k and a ∈ R4p
k
such that ϕ4, pk
[a] = 1. In the case
that p/k = 2, we can easily prove it by using the operations (Op1) and (Op2).
When k is an even number and p/k is an odd number other than 1, it is reduced to Lemma 5.7 by considering the case
that the dihedral quandle of odd order p/k and a ∈ R4p
k
such that ϕ4, pk
[a] = 1. In the case that p/k = 1, we can easily prove
it by using the operation (Op2). Since the equivalence operations do not change the value 4,p,k[a], we have two cases (iii)
and (iv).
When k is an even number and p/k is an even number other than 2, it is reduced to the case (1) by considering the
case that the dihedral quandle of even order p/k and a ∈ R4p
k
such that ϕ4, pk
[a] = 1. Then note the following: If 4,p,k[a] = 0,
by the operation (Op2), we have
a ∼ (0,a2 − a1, . . . ,a4 − a1).
From the case (1) for the 4-tuple (0, a2−a1k , . . . ,
a4−a1
k ) ∈ R4p
k
, we have
a ∼
⎧⎪⎪⎨
⎪⎪⎩
(0,−a1 + a2 − a3 + a4,k,k) if μ4, pk [(0,
a2−a1
k ,
a3−a1
k ,
a4−a1
k )] = −2,
(0,k,0,−a1 + a2 − a3 + a4 − k) if μ4, pk [(0,
a2−a1
k ,
a3−a1
k ,
a4−a1
k )] = 0,
(0,−a1 + a2 − a3 + a4,0,0) if μ4, pk [(0,
a2−a1
k ,
a3−a1
k ,
a4−a1
k )] = 2.
However, when μ4, pk
[(0, a2−a1k , a3−a1k , a4−a1k )] = −2, it holds that
f k
[
(0,−a1 + a2 − a3 + a4,k,k)
]= (k,k + a1 − a2 + a3 − a4,0,0).
2
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ϕ4, pk
[(
b1
k
,
b2
k
,
b3
k
,
b4
k
)]
= 1 and μ4, pk
[(
b1
k
,
b2
k
,
b3
k
,
b4
k
)]
= 2.
From the case (1) for ( b1k ,
b2
k ,
b3
k ,
b4
k ) ∈ R4p
k
, we have
b∼ (0,−b1 + b2 − b3 + b4,0,0) = (0,−a1 + a2 − a3 + a4,0,0).
Hence, if 4,p,k[a] = 0, we have
a ∼
{
(0,k,0,−a1 + a2 − a3 + a4 − k) if μ4,p,k[a] = 0,
(0,−a1 + a2 − a3 + a4,0,0) if μ4,p,k[a] = 2.
Similarly, if 4,p,k[a] = 1, we have
a ∼
{
(1,k + 1,1,−a1 + a2 − a3 + a4 − k + 1) if μ4,p,k[a] = 0,
(1,−a1 + a2 − a3 + a4 + 1,1,1) if μ4,p,k[a] = 2.
In the case that p/k = 2, we can easily prove it by using the operations (Op1) and (Op2).
(3) Let us consider the case that n 6 and k = 1. Assume that the statement is satisﬁed for any even number less than n.
By Lemma 5.6, we may assume that ϕ2,p[(a1,a2)] = 1. When μn,p[a] < 0, since at least four components of a are odd, by
repeating the operation (Op1), we may assume that an−1 and an are odd. By the assumption, we have
a ∼
(
0,1, . . . ,0,1,0,
n−2∑
i=1
(−1)iai − n + μn,p[a] − 22 , 1, . . . ,1︸ ︷︷ ︸
|μn,p [a]|−2
,an−1 + a,an + a
)
for some even number a ∈ Z. Then we have(
0,1, . . . ,0,1,0,
n−2∑
i=1
(−1)iai − n + μn,p[a] − 22 , 1, . . . ,1︸ ︷︷ ︸
|μn,p [a]|−2
,an−1 + a,an + a
)
(Op1)∼
(
0,1, . . . ,0,1, 1, . . . ,1︸ ︷︷ ︸
|μn,p [a]|−2
,0,
n−2∑
i=1
(−1)iai − n + μn,p[a] − 22 ,an−1 + a,an + a
)
(n=4)∼
(
b,b + 1, . . . ,b,b + 1,b + 1, . . . ,b + 1︸ ︷︷ ︸
|μn,p[a]|−2
,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22 , l, l
)
(Op1)∼
(
0,1, . . . ,0,1,b + 1, . . . ,b + 1︸ ︷︷ ︸
|μn,p [a]|−2
,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22 , l, l
)
(Op1)∼
(
0,1, . . . ,0,1,b + 1, . . . ,b + 1︸ ︷︷ ︸
|μn,p [a]|−2
, l, l,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22
)
(Op5)∼
(
0,1, . . . ,0,1,0,1, l, . . . , l︸ ︷︷ ︸
|μn,p [a]|−2
, l, l,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22
)
(Op5)∼
(
0,1, . . . ,0,1,0,1,1, . . . ,1︸ ︷︷ ︸
|μn,p [a]|
,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22
)
(Op1)∼
(
0,1, . . . ,0,1,0,1,0,
n∑
i=1
(−1)iai − n + μn,p[a] − 22 ,1, . . . ,1︸ ︷︷ ︸
|μn,p[a]|
)
,
where
l = ϕ4,p
[(
0,
n−2∑
(−1)iai − n + μn,p[a] − 22 ,an−1 + a,an + a
)]i=1
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μ4,p
[(
0,
n−2∑
i=1
(−1)iai − n + μn,p[a] − 22 ,an−1,an
)]
< 0,
we have the resultant n-tuple from the case that n = 4 for (0,∑n−2i=1 (−1)iai − n+μn,p [a]−22 ,an−1,an). Then since we used the
operation (Op2) several times in the second deformation, some even number b ∈ Z was added to the components other
than the last four components. Similarly, we have
a ∼
⎧⎪⎪⎨
⎪⎪⎩
(0,1,0,1, . . . ,0,
∑n
i=1(−1)iai − n−22 ) if μn,p[a] = 0,
(0,1,0,1, . . . ,0,
∑n
i=1(−1)iai − n−μn,p[a]−22 ,0, . . . ,0︸ ︷︷ ︸
μn,p[a]
) if 0 < μn,p[a] < n.
(4) For the case that n 6 and k 
= 1, use the same argument in (2). 
Proof of Theorem 4.1. By Lemma 5.2 and Lemma 5.4, we have already seen the case that n is odd and the case that
n = 2, respectively. In the case that n is an even number other than 2 and p is an odd number, apply Lemma 5.7 for
any element of Un,p and distinguish each equivalence class from the others by using the map ϕn,p . In the case that n is
an even number other than 2 and p is an even number, apply Lemma 5.8 for any element of Un,p and distinguish each
equivalence class from the others by using the maps ϕn,p , κn,p , μn,p , n,p,k and μn,p,k . Note that for any a ∈ Un,p , it holds
that κn,p[a] = 0 or p/2. And for any a ∈ Un,p such that ϕn,p[a] is odd, it holds that −n < μn,p[a] < n, μn,p[a] ≡ 0 (mod 2)
and (n − |μn,p[a]|)/2 ≡ κn,p[a] (mod 2), and for any a ∈ Un,p such that ϕn,p[a] and p/ϕn,p[a] are even, it holds that
0μn,p,ϕn,p [a] < n, μn,p,ϕn,p [a] ≡ 0 (mod 2) and (n − μn,p,ϕn,p [a][a])/2≡ κn,p[a]/ϕn,p[a] (mod 2). 
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